We study η and η mesons and their mixing angle in a mixed action approach with so-called Osterwalder-Seiler valence quarks on a Wilson twisted mass sea. The gauge configurations have been generated by ETMC for N f = 2 + 1 + 1 dynamical quark flavours and for three values of the lattice spacing. The main results are that differences in between the mixed action and the unitary approach vanish towards the continuum limit with the expected rate of O(a 2 ). The individual size of the lattice artifacts depends, however, strongly on the observable used to match unitary and valence actions. Moreover, we show that for the η mass valence and valence plus sea quark mass dependence differ significantly. Hence, in this case a re-tuning of the simulation parameters in the valence sector only to account for small mismatches in the sea parameters is not enough.
Introduction
Mixed action approaches, where valence and sea fermion actions are chosen differently, are used frequently in lattice QCD. They possess a number of important advantages compared to the so called unitary case, where valence and sea quark actions are identical. In particular, it might be possible to use a valence action obeying more symmetries than the sea action in cases where the valence action cannot be used in the sea for theoretical reasons or because of too high computational costs [1] . Prominent examples are overlap [2, 3, 4] or domain wall [5] valence quarks on a Wilson-like or staggered sea. Concrete examples can be found for instance in Refs. [6, 7, 8] .
When working in a mixed action approach, valence and sea actions need to be matched appropriately, for instance by tuning the valence quark masses such that a choice of meson masses agrees between unitary and mixed approaches. People even go one step further and try to correct for small mismatches in bare parameters used in the sea by using a partially quenched mixed action approach. The most extreme example for this approach is to use valence strange and charm on gauge configurations with only N f = 2 light dynamical quark flavours. In this case sea and valence actions are not matched, but the valence parameters are tuned such as to reproduce a choice of physical observables.
This ansatz has the big advantage that the gauge configurations do not need to be re-generated. However, while apparently quite successful, it is questionable whether this procedure works for observables with a strong sea quark dependence. Due to OZI suppression there are not many examples of such observables. But their very existence makes a clear distinction between QCD and the naive quark model.
Of course, a mixed action approach has also disadvantages, most prominently the breaking of unitarity, which might for instance drive certain correlators negative [9, 10] . Also, it is not clear a priori how big lattice artifacts one encounters in mixed formulations.
In this paper we will present results on a particular mixed action approach with so called Osterwalder-Seiler [11] valence quarks on a N f = 2 + 1 + 1 flavour Wilson twisted mass sea [12] . This particular action combination has the advantage that exact valence quark flavour symmetry is preserved. Moreover, the respective zero modes of sea and valence modes coincide in the chiral limit. However, O(a 2 ) violations of flavour (and parity) stemming from the sea quarks are still reflected in the magnitude of lattice artifacts on various physical observables.
As physical example we study the η and η system. The large mass splitting observed among M π 0 M η M η is thought to be due to the U A (1) anomaly, a relation established via the Witten-Veneziano formula [13, 14, 15] . This lets one expect a significant dependence on the sea quark degrees of freedom. Speaking more technically, the corresponding correlation functions obtain significant contributions from fermionic disconnected diagrams and are, therefore, uniquely sensitive to differences between valence and sea formulations. Note that this was also discussed in the context of the validity of the fourth root trick in staggered simulations, see Refs. [16, 17] and references therein.
After matching valence and sea actions, we compare observables extracted from unitary and valence operators. The unitary observables have been computed in Ref. [18, 19] . We study the continuum limit with different matching conditions and find remarkably good agreement to the unitary case. However, when comparing the valence with valence plus sea strange quark mass dependence of M η we find significant differences. This implies that it is not possible Table 1 The gauge ensembles used in this study. For the labelling of the ensembles we adopted the notation in Ref. [26] . In addition to the relevant input parameters we give the lattice volume, the number of evaluated configurations N conf and the block length N b used for bootstrapping. N b was chosen such that blocks cover at least 20 HMC trajectories of length one.
to correct this physical observable for a mis-tuned sea strange quark mass value by simply choosing a suitable valence quark mass value. First accounts of this work can be found in Ref. [20] . Other studies of η and η mesons from lattice QCD can be found in Refs. [17, 21, 22, 23, 24, 25] .
Lattice actions
The results we will present here are obtained by evaluating correlation functions on gauge configurations provided by the European Twisted Mass Collaboration (ETMC) [26] . We use the ensembles specified in table 1 adopting the notation from Ref. [26] . More details can be found in this reference.
The sea quark formulation is the Wilson twisted mass formulation with N f = 2 + 1 + 1 dynamical quark flavours. The Dirac operator for the light quark doublet reads [12] 
where D W denotes the standard Wilson Dirac operator and µ the bare light twisted mass parameter. τ 3 and in general τ i , i = 1, 2, 3 represent the Pauli matrices acting in flavour space. D acts on a spinor χ = (u, d)
T and, hence, the u (d) quark has twisted mass +µ (−µ ).
For the heavy unitary doublet of c and s quarks [27] the Dirac operator is given by
The bare Wilson quark mass m 0 has been tuned to its critical value [28, 26] . This guarantees automatic order O (a) improvement [29] , which is one of the main advantages of the Wilson twisted mass formulation of lattice QCD.
η and η masses have been computed in this framework in Refs. [18, 19, 30] on the same set of gauge configurations used here (and more) -we will refer to this framework as the unitary approach. However, in order to account forand possibly benefit from -correlations we have re-evaluated the unitary η and η masses on exactly the same gauge configurations as used in the present study.
The splitting term in the heavy doublet Eq. 2 introduces flavour mixing between strange and charm quarks which needs to be accounted for in the analysis. However, this complication can be avoided by using a mixed action approach for the valence strange and charm quarks. Formally, we introduce so-called Osterwalder-Seiler (OS) twisted valence strange and charm quarks [11, 31] . The Dirac operator for a single valence quark flavour q reads
Adopting the ideas of Ref. [11] to the η, η system, we introduce two strange and two charm quark flavours, s, s and c, c , respectively. Flavours s and s will have quark mass with equal modulus, but opposite sign: µ s = |µ s | = −µ s , and the same for c and c . Formally, the lattice action is extended to include a fermionic action corresponding to the Dirac operators Eq. 3 for all valence strange and charm quark flavours, accompanied by a ghost action to exactly cancel the contributions of the additional valence quarks to the fermionic determinant. For details we refer to Ref. [11] . In this reference it was also shown that automatic O(a)-improvement stays valid in this framework and unitarity is restored in the continuum limit. In particular, flavours s and s (c and c ) become identical.
It is important to notice that at finite lattice spacing values correlation functions involving s and s (µ s = −µ s ) differ by lattice artifacts. For instance, the masses extracted from the correlation function of the operator
differ from the one extracted from the operator
by O(a 2 ) (we denote it with K 0 in remedy of the neutral pion in the light sector). Only in the continuum limit these two masses will agree again.
Valence and unitary actions need to be matched appropriately. As shown in Ref. [11] , in our case the matching can be performed in principle using the relation in previous studies it was found that matching kaon masses determined from the operator Eq. 4 to the unitary kaon masses is best in the sense that the residual lattice artifacts in the results computed in a mixed action approach are small [32] . We will call this procedure kaon matching.
For details on how to compute the kaon mass in the unitary case we refer to Ref. [33] . We note in passing that there is no kaon mass splitting introduced by the twisted mass formalism in the unitary case for the choice of a degenerate light quark doublet |µ u | = |µ d | = µ [28] .
As a second matching observable for the strange quark mass we use the mass of the so-called η s meson M ηs -an artificial pion made out of a single strange quark flavor. This procedure will be called η s matching. For technical details, e.g. interpolating fields and correlation functions we refer to section 3.
For both matching procedures, we tune the value of aµ s such that the kaon or the η s mass agrees within errors between the mixed and the unitary formulation. The unitary values of the masses we matched to are compiled in In the following we indicate quantities determined in the OS framework with the superscript OS , while quantities determined in the unitary case have no superscript. To distinguish the two matching procedures we use the superscripts K and ηs .
As an example for the matching procedure we show in figure 1 (aM
2 and (aM
2 as a function of the bare OS strange quark mass aµ s for the D45.32sc ensemble. In figure 1 the aforementioned OS kaon mass splitting can be observed. In the limit µ s = µ this splitting corresponds to the difference between the charged pion mass and the connected only neutral pion mass. The splitting is almost independent of µ s , decreasing slightly with increasing µ s .
As expected, M ηs is larger than the two kaon masses and agrees with M For the charm quark mass the estimate from Eq. 6 is less affected by uncertainties. In order to circumvent the need for Z P /Z s , one can re-arrange Eq. 6 to µ c = 2µ σ − µ s .
Because µ s µ c and η, η do not depend on µ c , we restrict ourselves to kaon matching for the µ s value entering the charm quark mass. The corresponding values for µ c ≡ µ K c extracted in this way can be found in Table 3 Matching values of the OS valence strange quark masses µ s for kaon and M ηs matching. The OS valence charm quark masses µ K c have been determined using Eq. (7) for kaon matching only.
All errors are computed using a blocked bootstrap procedure to account for autocorrelation. The number of bootstrap samples was taken to be 1000 and the number of configurations per block N b is given for every ensemble in table 1. N b itself was chosen such that the length of a block corresponds to at least 20 HMC trajectories of length one. This value turned out sufficient to compensate for autocorrelation in the observables considered in this study.
Pseudo scalar flavour-singlet mesons
In order to extract η and η states we need a set of appropriate interpolating operators. As we are going to work in the quark flavour basis our choice is
in the so-called physical basis denoted asψ q , ψ q . With Osterwalder-Seiler valence fermions we have to rotate the bilinears into the so-called twisted basis denoted asq, q, see e.g. Ref. [34] , in which also the Dirac operators in the previous section were written. Performing this axial rotation [12, 11] , one obtains the following operators in the so-called twisted basis
The corresponding correlation functions have fermionic connected and disconnected contributions. The case for up and down quarks is like in the unitary approach and discussed in detail in Refs. [35, 18, 19] . Therefore, we concentrate on the disconnected contributions for strange and charm quarks. The correlation function of O s (t), for instance, has the following contributions
where . F denotes the average of fermions only and
denotes the strange OS propagator. The first term in Eq. 8 is the connected contribution and the second the disconnected one. Note that mixed flavour correlation functions have only disconnected contributions by definition. The ground state mass extracted only from the connected piece on the r.h.s. of Eq. 8 is the mass of the artificial η s meson, which is employed for η s matching.
We evaluate the connected only contribution to Eq. 8 using the one-endtrick [36] . In contrast to the Wilson case, Tr{G
s } is in general complex valued. However, the imaginary part of the corresponding trace is a pure lattice artifact. This can be shown by considering a suitable combination of connected correlation functions involving OS quarks s and s
where we have used the relation D s = γ 5 D † s γ 5 together with the cyclic property of the trace. Since the l.h.s. of the above relation vanishes in the continuum limit, we will drop the imaginary part in our calculations.
For the disconnected contribution to Eq. 8 we need to estimate Tr{G tt s } on every gauge configuration and all t-values. Tr{G tt s } is again in general complex valued. And again, one can show that the real part is a pure lattice artifact. Similar to the case of the connected contribution this can be inferred from the following equality
which is zero in the continuum limit. Therefore, we will also drop the real part of the disconnected loops in the calculation. Similarly one can show that
We remark that all of the above results hold for any further valence quark as well (e.g. the charm quark).
The full strange correlation function after subtraction of lattice artifacts is then given as
and analogously for the charm. Cross flavour terms involve only disconnected diagrams and are for instance given as
Variance Reduction
The relation Eq. 10 enables us to use a very powerful variance reduction method developed originally for the disconnected contributions of the light doublet [35] also for strange and charm flavours (see also Ref. [37] ). It is based on the identity (recall
Therefore, using Eq. 10 we can estimate Im Tr{G
and correspondingly for the charm quark. Following Ref. [35] , we apply this variance reduction method also to the light doublet.
Matrix of Correlation Functions
By applying these results, we compute the matrix of Euclidean correlation functions
The generalised eigenvalue problem (GEVP) is solved [38, 39, 40 ]
for determining the meson masses M η , M η (and possibly M ηc ) from the principal correlators λ (n) (t, t 0 ), n ∈ η, η . The effective masses are then computed by numerically solving
eff . The matrix C is enlarged to a 6 × 6 matrix by using in addition fuzzed [41, 36] operators.
At this point we recall that in the unitary case also the mass of the η s is not obtained from a single correlation function but rather from the ground state of a correlation function matrix involving connected correlation functions for strange and charm quarks. This minor complication arises due to the violation of flavour symmetry in the Wilson twisted mass formulation and the fact that the action can no longer be chosen flavour-diagonal for a non-degenerate doublet. Therefore, one has to consider off-diagonal connected correlation functions in addition to the ones consisting only of strange and charm quarks. However, the off-diagonal connected contributions are a pure lattice artifact and in the continuum limit the expected behaviour is restored, i.e. strange and charm sector decouple regarding the connected pieces.
Apart from meson masses also matrix elements can be extracted from the GEVP, which are needed to obtain η and η mixing angles. We define the mixing angles φ , φ s in the quark flavour basis using the pseudo scalar matrix elements A q,n = 0|O q |n with n ∈ {η, η } and q ∈ {l, s} as
see also Refs. [18, 19] . From chiral perturbation theory combined with large N C arguments |φ −φ s |/|φ +φ s | 1 can be inferred according to Refs. [42, 43, 44, 45] which is confirmed by lattice QCD [19] . Therefore, we will consider only the average mixing angle φ
Excited State Removal
To improve the η (and η) mass determinations, we use a method first proposed in Ref. [46] , successfully applied for the η 2 (the η in N f = 2 flavour QCD) in Ref. [35] and very recently to the N f = 2 + 1 + 1 case in Ref. [19] . It relies on the assumption that disconnected contributions are significant only for the η and η state, but negligible for higher excited states. This means, in turn, that only the connected contributions to C are affected by excited states.
Since the signal-to-noise ratio of the connected contributions is much larger than the one of the disconnected ones, we can determine the corresponding ground state at large Euclidean times and subtract the excited states at small times. This subtracted connected and the full disconnected contributions are combined in C sub q,q (t), which is then used in the analysis. We refer to the discussion in Ref. [19] for more details.
This procedure clearly depends on the validity of the assumption. However, it can be checked in our Monte-Carlo data: if the subtracted combination of connected and disconnected contributions does not show excited states anymore, we take it as a strong hint for the validity of the assumption. This is the case for all our ensembles, and it was also the case in the unitary approach [19] .
For all ensembles we observe that the mass of the η meson is unaffected by this procedure within errors. Only the error estimates get significantly smaller. This is also the case for the η where, however, the errors are quite significant before excited state removal.
As an example we show in figure 2 the effective masses of the two lowest-lying states for the A80.24s ensemble from η s matching. The values shown in the left panel are obtained from the standard method using a 6 × 6 correlation function matrix build from local and fuzzed operators, whereas the right panel shows the results for a 3×3 local-only correlation function matrix with excited states removed from its connected contributions. Our fitted values are always obtained from a cosh-type fit to the respective principal correlators. The corresponding fit ranges are indicated by the bands in the plots. In general, our choice for the fit ranges [t 1 , t 2 ] and the values of t 0 for the GEVP are given in table A.7. We remark that -since there is usually no clear plateau reached for the η state from the standard method -we apply a two-state fit to the corresponding principal correlator in this case. In all other cases we employed a single state fit in the plateau region.
Comparing the two panels in figure 2 one observes that the η mass plateau is unaffected, but starts at t/a = 2 in the case of removed excited states. For the η there is no plateau reached in the left panel before the signal is lost in noise, whereas in the right one a reasonable plateau is visible. The extracted masses still agree within errors. 
Results
In order to compare the mixed case with the unitary case we match the two actions as detailed in the previous sections using either the kaon or the η s mass. Next we compute OS meson masses at these matching points. As an example we show in figure 3 the effective masses for the principal correlators λ (n) (t, t 0 ) of η and η as a function of t/a after removal of excited states from The η c decouples from η and η and the corresponding signal is lost in noise very early in t/a. Hence, we will not discuss it further here and due to the decoupling we will also not discuss the charm quark mass dependence of operators in the following.
It turns out that the choice of the matching variable makes a significant difference for the extracted value of M η . Moreover, we always find aM ηs η < aM K η . On the other hand, the value of M η is unaffected within statistical errors. We find this consistently for all the ensembles investigated; c.f. tables A.1 and A.2.
In addition one observes φ K < φ ηs by approximately 15 • ; cf. table A.3. This results from a change in the overlap of mass and flavour eigenstates, leading to an increased light quark contribution to the η for kaon matching. Consequently, the light quark contribution to the η is reduced, while the respective strange quark contributions behave in the opposite way. Since most of the noise is introduced by the light quark disconnected diagrams in our calculation, this explains why M However, there is a tendency that kaon matching leads to worse plateaus than η s matching. A particularly extreme case of this behaviour is shown in figure 4 for the B55.32 ensemble. In the left panel the effective masses for the two lowest lying states from kaon matching are plotted. Clearly there is no plateau visible for the first excited state. For comparison and to guide the eye we show the situation in the unitary setup in the right panel, calculated on the same set of configurations. This is the only ensemble for which we cannot identify a plateau for the η safely. Therefore, we will not quote a value for the η mass for B55.32 and kaon matching.
Although the observed behaviour on B55.32 can still be interpreted as a statistical fluctuation, it might -in principle -also be caused by unitarity violation. However, it is neither possible to verify nor exclude the latter from our present data. While earlier studies [6, 47] observed a sign flip in the scalar correlator signalling unitarity violation at least for a certain regime of valence quark masses, a similar argument cannot easily be extended to our case. The reason is that only the strange quark is treated in a mixed action approach while the light quarks are unitary. When looking at the scalar correlator made from strange quarks only, we do not observe it to become negative on any of our ensembles.
Another observation regarding the two matching methods concerns the behaviour of the ground states in the correlation functions used to build the full correlation function matrix. One expects all correlators with the same quantum numbers to asymptotically approach the same ground state mass. We observe this for the unitary case, where the η mass can be extracted from all correlators in the matrix C (diagonal and off-diagonal) at large Euclidean times. In the OS case we observe a similar behaviour for η s matching, but for kaon matching e.g. the strange-strange correlator alone does often not reproduce the η mass from the light-light correlator. This might signal unitarity violations for the kaon matching procedure on the one hand, and can explain the worse plateaus for this particular choice of the matching observable on the other hand.
Finally, for M ηs η we observe the error to be reduced approximately by a factor of two with respect to the unitary result for all ensembles (cf. table A.1). We attribute this to the fact that we can use the variance reduction method discussed in section 3.1 for the OS strange quark, which is not possible for the unitary strange quark. However, the errors of M ηs η and φ ηs do not show such an error reduction (cf. table A.2 and A.3), presumably because the strange quark contributes little to these observables.
Light Quark Mass Dependence
The first goal of this paper is to compare unitary to mixed action approaches and study the continuum limit of the corresponding differences. For this pur- pose we will study differences of quantities of the form ∆O = O OS − O unitary . Our ensembles at different values of the lattice spacing are not at exactly identical light and strange sea quark masses. Therefore, we have to understand whether we can nevertheless study the continuum limit.
Theoretically, the answer to this question is yes: both in the unitary and in the mixed action approach we may write
and henceforth the aforementioned difference ∆O is O(a 2 Λ 2 QCD ). A quark mass dependence comes only to higher order O(a 2 δµΛ QCD ) with δµ the quark mass difference and we thus expect it to be negligible, in particular because the mass differences are small as well. Since ∆O is always computed on identical gauge configurations there is no physical quark mass dependence that needs to be taken into account, because it cancels in the difference.
Despite this theoretical argument, let us also investigate this point numerically. We first study the light quark mass dependence of the difference between unitary and OS values of M η and M η . For this purpose we focus on the Aensembles A40, A60, A80 and A100, where we have different light quark mass values available. We denote Table 4 The chirally extrapolated values for r 0 /a at each value of β corresponding to the three different lattice spacings [8] .
used in this study have been determined in [8] and are listed in table 4. Filled circles represent the η s matching results, filled boxes the corresponding kaon matching results. The differences are computed using exactly the same configurations leading to reduced statistical errors due to the correlation between unitary and OS data.
For η s matching r 0 ∆M η is for all four investigated ensembles compatible with zero within one sigma, while for kaon matching the difference is always positive and not compatible with zero. For both matching procedures, but in particular for η s matching, the dependence on (r 0 M PS ) 2 is not significant within our statistical uncertainties.
In the right panel of figure 5 we show r 0 ∆M η as a function of (r 0 M PS ) 2 . Despite the larger uncertainties, the differences are compatible with zero for all ensembles and both matching procedures. There is a slight trend for differences with larger modulus for kaon matching. Like for the η the light quark mass dependence is not significant.
The angle difference ∆φ shows a very similar behaviour to ∆M η , see tables A.4 and A.5. For η s matching the difference is compatible with zero, while for kaon matching a value of about −15
• is observed. Also here the light quark mass dependence is not significant. Besides, we find that the difference between φ and φ s is compatible with zero for both matching methods and compatible to the one found in the unitary setup [19] , again confirming the smallness of OZI suppressed corrections.
In order to check the strange quark mass dependence of the differences ∆M and ∆φ we make use of the A80, A80s and A100, A100s ensembles. The sensembles differ from their non-s counterparts only by a different bare strange quark mass value. The corresponding values for the differences defined before are also displayed in figure 5 with open symbols. For η s matching the differences show no dependence on the strange quark mass, whereas this cannot be concluded completely for kaon matching. In particular, we see for A100s deviations for kaon matching, but statistical errors can still account for the deviation. 
Continuum Limit
Next, we study the dependence on the lattice spacing. (11) stat , where we included the statistical error from the respective, chirally extrapolated values of r 0 /a. As discussed in the previous section, we do not expect the residual differences in the light and strange quark masses to have any effect on this study.
The difference between OS and unitary results ∆M for both matching procedures is shown for η and η in figure 6 as a function of (a/r 0 ) 2 in the left and right panel, respectively. The lines represent linear fits in (a/r 0 ) 2 to our data, and the corresponding continuum extrapolated values are shown with open symbols. r 0 ∆M η is shown in the left panel of figure 6 . For both matching procedures we observe a linear dependence in (a/r 0 ) 2 . A corresponding continuum extrapolation in (a/r 0 ) 2 leads to the expected vanishing of this difference at a = 0 within errors. Kaon matching clearly exhibits larger a 2 artifacts, while η s matching gives r 0 ∆M η compatible with zero for each value of the lattice spacing separately.
In the right panel of figure 6 we show ∆M η , again for both matching procedures. We remark that for kaon matching it is not possible to perform a fit from our present data, because of the missing mass value on the B55.32 figure 6 , but for the mixing angle difference ∆φ. In (b) we show r 0 ∆µ s at 2 GeV in the MS scheme as a function of (a/r 0 ) 2 for the two methods M1 and M2 to estimate Z P presented in Ref. [8] .
ensemble which is due to a bad plateau, as discussed above. In this case, statistical errors are significantly larger. However, within their larger errors the difference for the two matching procedures seems compatible and the difference vanishes in the continuum limit for η s matching, as indicated by the fitted line in the plot. In contrast to the η mass, it cannot be concluded that lattice artifacts for kaon matching are significantly larger than for η s matching.
In the left panel of figure 7 ∆φ is shown as a function of (a/r 0 ) 2 , again for the ensembles A60.24, B55.32 and D45.32sc. Like for ∆M η we observe also for ∆φ larger differences for kaon matching compared to η s matching. For η s matching the difference is in fact compatible with zero for all three ensembles separately. For both matching procedures the continuum extrapolated values are compatible with zero.
Finally, we show in the right panel of figure 7 the quark mass difference
as a function of (a/r 0 ) 2 for the three ensembles A60.24, B55.32 and D45.32sc at 2 GeV in the MS scheme. The renormalisation constant Z P has been taken from Ref. [8] . The two colours correspond to the methods M1 and M2 for estimating Z P . We refer to Ref. [8] for the details. In the continuum limit it is expected that the two matching conditions agree and the difference should vanish like a 2 . This is what is confirmed by figure 7 (b) . Also, the two methods M1 and M2 give compatible results in the continuum limit, as expected. 
Dependence on Sea and Valence Strange Quark Mass
Next we study the dependence of the η (and in principle also the η ) meson mass on the valence and sea quark mass values. As said in the introduction, the dependence on the valence and sea quark masses must be identical (at least within errors) to legitimate re-tuning in the valence quark masses only against sea strange quark mass mismatches. For this purpose we first define the dimensionless quantity
which can be computed using the two matching points we have available for each ensemble. For estimating D (5), where the error is purely statistical. Concerning possible systematics we stress that there is no trend visible from the data, e.g. regarding a quark mass or lattice spacing dependence.
Including the sea strange quark mass dependence, the corresponding derivative is given by We take this as an indication that M η is indeed a quantity with a significant sea strange quark mass dependence. Therefore, correcting for mismatches of the sea strange quark mass value in the valence sector only is not enough for M η .
In principle, the difference between D η and D val η that we found for a single lattice spacing could also be a lattice artifact. We do not think this is the case for two reasons: first, in Ref. [18] the value of D η was used to correct a mismatch in the strange quark mass tuning for all three lattice spacings available. And we did not observe large cut-off effects introduced by this procedure. Second, also D OS η is merely independent of the lattice spacing. In fact, as the D X are computed from differences and the leading lattice artifacts are independent of the quark mass, it is expected that these quantities are not plagued by large cut-off effects.
Unfortunately, the statistical uncertainty on the η meson masses is too large to allow for a meaningful investigation of D η . Within errors this quantity is always zero, irrespective of whether the valence or the full strange quark mass dependence is considered. Moreover, M η has a larger light than strange quark contribution. It would, therefore, be interesting to perform the same study for the valence light quark mass instead of the valence strange.
Finally, we remark that it is in principle possible to calculate the difference between D η and D val η from chiral perturbation theory [48, 49, 50] . At leading order the corresponding prediction is 4/3 for both derivatives, implying that the difference is a NLO effect.
Summary and Discussion
In this paper we have studied η and η mesons in a mixed action approach and in comparison to the unitary results. The mixed action was so-called Osterwalder-Seiler fermions on a twisted mass sea with N f = 2 + 1 + 1 dynamical quark flavours.
We have found that indeed the difference between mixed and unitary results vanishes as the continuum limit is approached. The rate is as expected of O(a 2 ) [11] for all quantities and matching procedures investigated in this paper.
For the η mass we find a significant dependence of the size of the cutoff effects on the matching procedure. Lattice artifacts in the difference to the unitary result are compatible with zero when the two actions are matched using the η s meson, while they are of normal size when the kaon is used as a matching variable. The same is true for the mixing angle and the strange quark mass.
For M η we do not observe a strong dependence on the matching procedure. This can have two reasons: first the error of M η is large making precise statements difficult. Second, the η receives a strong contribution from sea quarks, because it is mainly the singlet state. The sea quark contributions are unaffected by different choices of the valence strange quark mass. Hence, this finding might reflect the physical properties of the η meson.
This shows that the mixed action approach can also be applied in practice for flavour singlet quantities and, more generally, for observables involving fermionic disconnected diagrams. In case of η s matching we find even reduced statistical errors for the η mass which might turn out to be an important advantage of the mixed approach. Thus, we will use the mixed action to investigate more complicated problems like η → γγ form factors or Kπ scattering for I = 1/2 in the future.
Another important result of this paper is that for the η meson it is not sufficient to re-tune the valence quark masses to correct for small mismatches in the simulation runs. Our data shows that the valence strange quark mass dependence of the η differs significantly from the dependence on the sea plus valence strange quark mass. And this difference is not vanishing as the continuum limit is approached. For the η we cannot make such a statement due to too large statistical errors, but we expect a similar result once M η can be determined with higher accuracy.
The latter finding seems to contradict previous studies where the valence quark masses have been re-tuned to their physical values in the same mixed action approach for instance to determine non-singlet pseudo-scalar decay constants or quark masses (see for instance Refs. [8, 51, 52] ). However, these investigations were concerned with observables for which the quark mass dependence is expected to be mainly governed by the valence quarks. For the η and η mesons studied here this is not the case as OZI violating contributions are anomalously large. However, with high enough accuracy the effect seen here should also show up in other physical quantities, but on the current level of precision it is likely to be a negligible systematic uncertainty.
A Data Tables
In this appendix we have compiled all data in tables for convenience. 
